Here we give a characterization of Arnoux-Rauzy sequences by the way of the lexicographic orderings of their alphabet.
Introduction
Let s be a standard Sturmian infinite word on A = {a, b}. If we lexicographically order A * by a < b then, for any non-negative integer n, the prefix of length n of as is the smallest factor of length n of s and the prefix of length n of bs is the greatest factor of length n of s, see Borel and Laubie [3] and Exercise 2.2.13 in [7] . The converse of this property is true also as was remarked and proved by the second author [8] .
Here we extend the property and its converse to Arnoux-Rauzy sequences on finite alphabets [1, 9] (or strict Episturmian words in the terminology of [4, 6] ), which generalize Sturmian words. This is: This may have some interest as many properties of Sturmian words extend to Arnoux-Rauzy sequences but few are characteristic.
Remark. In the formulation of the theorem we do not consider max A nor the greatest factor of each length. Indeed, for any two words u, v of the same length, u > v is equivalent to v u where is the lexicographic order "opposite" to <.
Preliminaries
Let A be a finite alphabet |A| = k, A * (resp. A ω ) denotes the set of all finite (resp. infinite) words on A. The common terminology for words can be found in [7] for instance.
For s ∈ A ω , s n will denote the prefix of s of length n. The set of the factors of s of length n is F n (s) and the set of all factors of s is F (s) = n≥0 F n (s). A factor u of s is right-(resp. left-) special if, for at least two letters x = y, ux, uy ∈ F (s) (resp. xu, yu ∈ F (s)). An infinite word s is recurrent if each of its factors occurs at least two (hence infinitely many) times in it.
The reversal of a word
An Arnoux-Rauzy sequence on A is a recurrent infinite word s ∈ A ω such that for any non-negative integer n, s has exactly one right-special factor, u n say, of length n with u n x ∈ F (s) for all x ∈ A, and exactly one left-special factor, v n say, such that yv n ∈ F (s) for all y ∈ A [1, 9] . These sequences are the Sturmian words when |A| = 2. They were studied in [1] for |A| = 3 with a hint of generalization to any finite alphabet. In their paper the authors assumed the infinite word to be uniformly recurrent (or minimal in the terminology of dynamical systems used there), but indeed the assumption of recurrence is sufficient and leads to exactly the same infinite words.
An Arnoux-Rauzy sequence is standard (or characteristic) if all its prefixes are left-special.
In [4] [5] [6] a slightly more general kind of words is studied under the name of "Episturmian words" and it is shown that Arnoux-Rauzy sequences on k letters are exactly the k-strict Episturmian words. Episturmian words which are not strict correspond to some "degenerate cases", for instance when k = 2 they are the so called "periodic Sturmian words".
Proof of the theorem

Proof. i) ⇒ ii).
Given the lexicographic order < with x = min A as in the theorem, if ii) is false let n be minimal such that xs n−1 is not minimal in F n (s). Clearly n > 1. Then xs n−2 is minimal in F n−1 . Let s n−1 = s n−2 y, y ∈ A. As xs n−2 y is not minimal in F n (s), there exists a letter z = y such that xs n−2 z ∈ F n (s) and that xs n−2 z < xs n−2 y, whence z < y. Thus xs n−2 is right-special. Thus as F (s) is closed under reversal [4, 6, 9] , s n−2 x is left-special, hence it is s n−2 y by the definition of Arnoux-Rauzy sequences. Thus x = y, whence z < x, a contradiction. Consequently, for all n, xs n = min F (s).
ii) ⇒ i). As as has its prefixes in F (s) for all a ∈ A, any prefix u of s is left-special and satisfies Au ⊂ F (s). Suppose that, for some positive integer n, s has at least two left-special factors of length n, its prefix s n and another one v and suppose n minimal with this property. Set s n = s n−1 x, v = v y, x, y ∈ A. Then s n−1 and v are left-special, hence v = s n−1 and v = s n−1 y, y = x. Then there exist letters, z = t, r = m such that zs n , ts n , rv, mv ∈ F n+1 (s).
Suppose for instance r = x (otherwise, m = x) and consider a lexicographic order such that r = min A and y < x. Then rv = rs n−1 y < rs n−1 x = rs n , thus rs n is not minimal in F n+1 , a contradiction.
Thus, for all n, s has exactly one left-special factor of length n and then s has for all n at least one right-special factor of length n. Now suppose s has, for some n, two right-special factors of length n, u and v say, and let n be minimal with this property. Then we have u = xw, v = yw, x = y ∈ A where w is the unique right-special factor of length n − 1. Clearly w is left-special and w = s n−1 . We then have s n = wa for some letter a whence, as As n ⊂ F (s), xwa, ywa ∈ F n+1 (s).
As u, v are right-special, there exist letters, t = a, m = a such that xwt, ywm ∈ F (s). Suppose for instance y = a. Consider a lexicographic order < such that y = min A and m < a, we get ywa > ywm, thus ys n is not minimal in F n+1 (s), a contradiction.
Thus s has for all n exactly one right-special factor u n of length n and as |F n+1 (s)| − |F n (s)| = |A| − 1, u n A ⊂ F (s).
As clearly s is recurrent it satisfies the definition of Arnoux-Rauzy sequences and as its prefixes are left-special it is a standard one.
